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Abstract: Entanglement entropy in a field theory, with a holographic dual, may be
viewed as a quantity which encodes the diffeomorphism invariant bulk gravity dynamics.
This, in particular, indicates that the bulk Einstein equations would imply some constraints
for the boundary entanglement entropy. In this paper we focus on the change in entan-
glement entropy, for small but arbitrary fluctuations about a given state, and analyze the
constraints imposed on it by the perturbative Einstein equations, linearized about the cor-
responding bulk state. Specifically, we consider linear fluctuations about BTZ black hole
in 3 dimension, pure AdS and AdS Schwarzschild black holes in 4 dimensions and obtain
a diffeomorphism invariant reformulation of linearized Einstein equation in terms of holo-
graphic entanglement entropy. We will also show that entanglement entropy for boosted
subsystems provides the information about all the components of the metric with a time
index.ar
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1 Introduction
The principle of holography [1], especially the AdS/CFT correspondence [2], provides us
with a remarkable tool to study quantum gravity on a spacetime with boundaries. In the
bulk gravity theory, due to diffeomorphism invariance the choice of a coordinate system
is arbitrary and ambiguous, which sometimes makes the physical characterization of local
quantities difficult. On the other hand, in the boundary, where the holographic dual lives,
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the metric is no longer dynamical and we can choose a particular natural coordinate system
(e.g. a flat spacetime), in the boundary. Therefore, we can study the bulk gravity dynamics
by using this fixed coordinate on the boundary. If we take into account large quantum
gravity effects, we expect that the metric fluctuates a lot and will not be a good quantity
to characterize the geometry of spacetime, in the bulk. Nevertheless, as has often been
emphasized in AdS/CFT, these quantum effects can be non-perturbatively well described
in its holographic theory at the boundary. For these reasons, it is reasonable to search for
an appropriate quantity in the boundary field theory, which encodes the diffeomorphism
invariant information of the bulk dynamics. Entanglement entropy in the boundary field
theory, is a prominent candidate for such a quantity.
The entanglement entropy (EE) provides us with a desirable universal quantity which
connects the gravity and its holographic dual (for reviews of EE refer to e.g.[3–7]). It can
be defined in any quantum many-body systems and includes quite a lot of information
as we can choose infinitely many different subsystems where we trace out the density
matrix. The holographic entanglement entropy (HEE) [7–9] tells us that in the gravity
dual, assuming classical limit, the EE is equal to the area of extremal surface in the bulk,
which is manifestly diffeomorphism invariant. Recently, this has been derived from the
bulk to boundary relation [10] in [11] by improving the argument in [12] (see also [13–17]
for other progresses in this direction). In the presence of quantum corrections [18, 19] and
higher derivatives [17, 20, 21] (see also [22, 23]), we need to modify this area law formula,
which can still be called holographic entanglement entropy (HEE). Even though the metric
may not be a good quantity which characterizes the spacetime in quantum gravity, the HEE
is robust against quantum corrections and thus is one of the candidates of fundamental
variables in quantum gravity.
In the classical gravity limit, at least heuristically, we expect to reproduce the bulk
metric of a given gravitational spacetime once we know the holographic entanglement
entropy for any choice of subsystem in the boundary, even without the knowledge of the
bulk Einstein equation 1 (refer to [24] for related discussions). In this correspondence,
roughly, the size of the subsystem is interpreted as the coordinate of extra dimension of
the gravity dual. Since Einstein equations constrain the space of all possible metrics, so it
is also expected to impose constraints on the holographic entanglement entropy. In order
to understand how EE encodes the metric, it is natural to ask what kind of constraints
for EE can be obtained from the bulk Einstein equation, for various choices of the matter
1We must emphasize that for obtaining the entire metric, the information of entanglement entropy for
a single type of subsystem with a given shape (like the round ball for all values of its radius) may not
be enough. This is simply because the metric has several components. So in order to ensure that the
entire metric is recoverable one may specify EE for different shapes of subsystems as well as EE for boosted
subsystems. The latter, for example, is needed to get all the components of the metric with a time index. In
the AdS4 example we will discuss in this paper, we just need the EE for round spheres with arbitrary radius
and its boosted one in order to fully recover the perturbed metric once we impose the Einstein equation.
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energy-momentum tensor and cosmological constant. In other words, it is intriguing to
ask what is a counterpart of Einstein equation for boundary EE. The paper [25] made
a first step in this direction and this question was studied mainly in pure AdS3 within
perturbative calculations.
In this paper, we extend this analysis to rewrite perturbative Einstein equation in
terms of HEE in higher dimensional examples of AdS/CFT as well as the AdS black holes.
We primarily focus on the change in HEE corresponding to linearized fluctuations about
a given bulk state. Although we consider the background state to be static, we make
no symmetry assumptions about the fluctuations. Even though in the AdS3/CFT2, the
authors of [25] found that the Einstein equation gives strong constraint which determine
the time evolution of HEE. In the present paper, we find that the Einstein equation itself
is not that strong in AdSd+1/CFTd (d ≥ 3), but it leads to a constraint equation which
the HEE should satisfy at any time. We will try to give a plausible interpretation of this
constraint. We will also derive the constraint equation for EE, in case of dual AdS black
holes (in the limit, where the subsystem size is large) and find an intriguing connection
between the behavior of the HEE and that of the quasi normal modes in AdS black holes.
This paper is organized as follows: In §1.1 we describe the general strategy that we
shall adopt in this paper. In §2, we will study the HEE in BTZ black holes and find the
counterpart of Einstein equation in this case. In §3 , we will analyze a similar problem for
the AdS4 space. In §4, we generalize our argument to the AdS4 black hole example. In
§5, we consider the HEE for boosted subsystems to obtain a complete basis to cover all
components of the metric.
1.1 General Strategy
We consider a d+ 1 dimensional static space time of the form
ds2 =
R2
z2
(
dz2
f(z)
+ η˜µν(z, x)dx
µdxν
)
. (1.1)
where η˜µν is the diagonal matrix with the diagonal entries {−f(z), 1, 1 . . . }. Note that when
f(z) = 1 this metric (1.1) is simply AdSd+1 and η˜ is simply the Minkowski metric. Also we
consider the case, when f(z) = 1−mzd, the metric (1.1) then represents the Schwarzschild
black hole in AdSd+1. In the z → 0 limit, the coordinate xµ (µ = 0, 1, 2, · · ·, d−1) describes
the d dimensional Lorentzian space R1,d−1 where the d dimensional conformal field theory
(CFTd) lives. The parameter R describes the radius of the AdS space.
We then consider linear perturbations around (1.1) in the Fefferman-Graham (FG)
gauge so that the complete metric now takes the form
ds2 =
R2
z2
(
dz2
f(z)
+ gµν(z, x)dx
µdxν
)
. (1.2)
We now express the metric perturbation as follows:
gµν = η˜µν + hµν , (1.3)
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assuming that hµν is infinitesimally small, we will keep only the linear order of hµν . This
perturbation satisfies the Einstein equation as usual:
Rab − 1
2
Rgab − d(d− 1)
2R2
gab = T
(G)
ab , (1.4)
where T
(G)
ab is the energy stress tensor for the matter coupled to the Einstein gravity
(a, b = 0, · · ·, d are indices of coordinates of the d+ 1 dimensional space).
The holographic entanglement entropy (HEE) in a d + 1 dimensional AdS gravity is
given in terms of the area of d− 1 dimensional extremal surface γA as
SA =
Area(γA)
4GN
, (1.5)
so that the boundary of γA coincides with that of the subsystem A [8, 9].
In this paper we focus on the first order correction of HEE under the metric pertur-
bation about the static background geometry (1.1). This first order contribution can be
systematically computed as follows. First we consider the extremal surface γA whose shape
is already known in the background geometry and calculate its area. Since the background
spacetime is static, γA is a minimal area surface on the canonical time slice. Next we
evaluate the area of the same surface γA in the perturbed metric. The difference between
these two is equal to the first order correction of HEE ∆SA. Thus we do not need to know
how the shape of the extremal surface is modified under the metric perturbation. This is
simply because of the fact that γA satisfies the extremal surface condition in background
geometry.
Therefore we can calculate the shift of HEE ∆SA due to the metric perturbation (1.3)
from the formula
∆SA =
1
8GN
∫
(dζ)d−1
√
G(0)G
(1)
αβG
(0)αβ, (1.6)
where ζ is a coordinate of the d− 1 dimensional extremal surface γA as employed in [26].
G(0) and G(1) are defined by
G
(0)
αβ =
∂xa
∂ζα
∂xb
∂ζβ
g
(0)
ab , G
(1)
αβ =
∂xa
∂ζα
∂xb
∂ζβ
g
(1)
ab , (1.7)
and thus each of them represents the induced metric on γA with respect to the static
background or its first order perturbation, respectively. Here g(0) and g(1) are the metric
of the background and that of its first order metric perturbation.
In this paper we concentrate on the examples where the subsystem A is given by
a round ball for which we know the analytical expression of the surface γA in the pure
AdS. Note that although we make specific symmetry assumptions about the background
geometry (1.1), the fluctuations hµν , that we shall consider here are completely arbitrary.
The main problem addressed in this paper is to ask what kind of differential equation is
satisfied by the shift of HEE ∆SA, assuming the normalizability near the AdS boundary
z → 0.
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2 HEE in BTZ black holes and Einstein Equation
Now we would like to focus on the lowest dimensional example: AdS3/CFT2. Especially,
we consider the pure gravity theory on a BTZ black hole, whose metric is given by
ds2 =
R2
z2
(
−(1−mz2)dt2 + 1
(1−mz2)dz
2 + dx2
)
. (2.1)
We work in the GF-like gauge and consider metric perturbations of the following form
ds2(1) =
R2
z2
(
htt(z, x, t) dt
2 + 2htx(z, x, t) dtdx+ hxx(z, x, t) dx
2
)
(2.2)
and we work up to linear order in hµν .
2.1 Linearized equations and their solution
The linearized equations for hxx, htx and htt are given by(
∂z − z ∂2z
)
htx = 0,(
∂z − z (1−mz2) ∂2z
)
hxx = 0,(
2m2z3 − (1−mz2) ((1− 2mz2)∂z − z(1−mz2)∂2z))htt = 0,
− 2mz∂xhtx +mz∂thxx − (1−mz2) (∂z (∂xhtx − ∂thxx)) = 0,
mz∂xhtt + (1−mz2) (∂z (∂xhtt − ∂thtx)) = 0,
− 2mzhtt + z∂2xhtt − 2z∂x∂thtx + z∂2t hxx − (1−mz2)∂z(htt − hxx) = 0.
(2.3)
The solution of these set of equations are given by (keeping only the normalizable modes)
htx = z
2H˜(x, t),
htt =
2
m
((
1−mz2) 12 − (1−mz2))H(x, t),
hxx =
2
m
(
1− (1−mz2) 12)H(x, t).
(2.4)
where we must have
∂tH = ∂xH˜, ∂tH˜ = ∂xH. (2.5)
and (
∂2t − ∂2x
)
H = 0. (2.6)
2.2 HEE due to metric perturbations
We take the subsystem A to be the interval ξ − `/2 ≤ x ≤ ξ + `/2. Then the minimal
surface γA is parameterized by a single coordinate φ as follows
t = constant, x = ξ +
`
2 tanh−1 β
log
[√
1− β2 cos2 φ− β sinφ√
1− β2
]
, z =
`β
2 tanh−1 β
cosφ.
(2.7)
– 5 –
where β is given in terms of m as
β = tanh
(
`
√
m
2
)
(2.8)
and the coordinate φ takes values in [−pi/2, pi/2].
Then the induced background metric (2.1) and the induces first order metric (2.2) are
given by
G
(0)
φφ =
R2
cos2 φ
(
1
1− β2 cos2 φ
)
,
G
(1)
φφ = R
2 hxx
1− β2 cos2 φ
(2.9)
Now plugging (2.9) into (1.6) we have
∆SA =
R
8GN
∫ pi
2
−pi
2
dφ cosφ
(
1√
1− β2 cos2 φ
)
hxx. (2.10)
Plugging in the solution of hxx from (2.4) into (2.10) we have
∆SA(ξ, `, t) =
R
8GN
∫ pi
2
−pi
2
dφ F (β, φ) H(x(φ), t) (2.11)
where
F (α, φ) =
`2
4(tanh−1 β)2
(
1−
√
1− β2 cos2 φ√
1− β2 cos2 φ
)
cosφ (2.12)
and in (2.11) x in the argument of the function H is to be substituted in terms of φ using
(2.7).
Putting these together,
∆SA(t, ξ, l) =
R
4mGN
∫ pi
2
−pi
2
dφ cosφ
(
1√
1− β2 cos2 φ − 1
)
H(t, x), (2.13)
where note that
β = tanh
l
√
m
2
,
x = ξ +
1√
m
log
(√
1− β2 cos2 φ− β sinφ√
1− β2
)
.
(2.14)
After the Fourier transformation w.r.t ξ and perform the integral of φ explicitly, we
get
∆SA(t, k, l) =
R
4mGN
H(t, k) ·
∫ pi
2
−pi
2
dφ cosφ
(
1√
1− β2 cos2 φ − 1
)
e
i k√
m
log
(√
1−β2 cos2 φ−β sinφ√
1−β2
)
,
=
R
2GN
· H(t, k)
k2 +m
·
(
− cos
(
kl
2
)
+
√
m
kβ
sin
(
kl
2
))
.
(2.15)
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2.3 Equations satisfied by HEE
Acting on (2.11) by the operator (∂2t − ∂2ξ ) and using (2.6) we can easily conclude(
∂2t − ∂2ξ
)
∆SA(t, ξ, l) = 0. (2.16)
Also we can easily see from (2.15) that ∆SA(t, ξ, l) satisfies(
∂2l −
1
4
∂2ξ −
m
2 sinh2(l
√
m/2)
)
∆SA(t, ξ, l) = 0. (2.17)
Indeed, these relations agree with the known results [25] in the pure AdS3 limit m→ 0.
The result of [25] for the pure AdS3 was later reproduced purely from CFT calculations in
[27]. Thus we expect that our results (2.16) and (2.17) can be confirmed in a similar way.
If we take the large size limit l → ∞, we find that the potential term in (2.17) gets
vanishing. If we assume the translational invariance, then we immediately obtain ∆SA ∝ l.
This agrees with the extensive part of entanglement entropy, which typically appears for
mixed states.
In this way we derived an analogue of Einstein equation (2.16) and (2.17) for a pure
gravity on the BTZ black hole in terms of entanglement entropy. One may notice (2.16)
determines the time evolution of ∆SA. However, this is a special feature in three dimen-
sional gravity, where there are no propagating gravitational waves. Indeed, as we will later,
in higher dimensional gravity, we will only obtain a counter part of (2.17).
3 Analysis in AdS4
3.1 Calculations of HEE
Now we would like to move on to a higher dimensional example. We analyze the shift of
HEE ∆SA in the presence of metric perturbation hµν described by (1.2) and (1.3), especially
in the pure gravity theory on AdS4. Though we focus on this four dimensional example, we
can generalize our results shown below to higher dimensional examples in a straightforward
way. We consider the modes which are normalizable near the AdS boundary z → 0, where
the metric perturbation looks like in the Fourier basis:
hµν(t, x, y, l) = e
−ωt+ikxx+ikyyhµν(kx, ky, ω)(ω2 − k2)−3/4z3/2J3/2(
√
ω2 − k2z). (3.1)
We also define Hµν which is obtained from the near boundary expansion of hµν in the
z → 0 limit:
hµν(t, x, y, z) = z
3 ·Hµν(t, x, y) +O(z4). (3.2)
The holographic energy stress tensor [28] (i.e. the energy stress tensor in the dual CFT) is
given by
Tµν =
3Rd−1
16piGN
Hµν . (3.3)
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We consider the shift of HEE ∆SA by choosing the subsystem A to be a disk with a
radius l. In the pure AdS4, the HEE is computed as the area of the minimal surface γA
given by the half of sphere parameterized by
x = l sin θ cosφ+X, y = l sin θ sinφ+ Y, z = l cos θ, (3.4)
with the range 0 < θ < pi/2 and 0 < φ < 2pi.
∆SA is calculated by using (1.6) as follows:
∆SA(t,X, Y, l)
=
R2
8GN
∫ 2pi
0
dφ
∫ pi/2
0
dθ
sin θ
cos2 θ
[
(1−sin2 θ cos2 φ)hxx − 2hxy sin2 θ cosφ sinφ+ (1−sin2 θ sin2 φ)hyy
]
.
(3.5)
It is useful to take the Fourier transformation of ∆SA(t,X, Y, l) with respect to t,X, Y ,
which is denoted by ∆SA(ω, kx, ky, l). Then we find (see [25] for more details)
∆SA(ω, kx, ky, l)
=
3R2
8GN
√
pi
2
∫ pi/2
0
dθ
sin θ
cos2 θ
∫ 2pi
0
dφI(φ, θ) · eil sin θ(kx cosφ+ky sinφ)
×
(
l cos θ√
ω2 − k2
)3/2
· J3/2(l cos θ
√
ω2 − k2). (3.6)
We defined
I(φ, θ) = (1− sin2 θ cos2 φ)Hxx(ω, kx, ky)− 2 sin2 θ cosφ sinφHxy(ω, kx, ky)
+(1− sin2 θ sin2 φ)Hyy(ω, kx, ky), (3.7)
where Hµν(ω, kx, ky) denote the Fourier transformation of Hµν(t, x, y).
By performing the integrals and employing the Einstein equation, we can express
∆SA(ω, kx, ky, l) in terms of the (holographic) energy stress tensor Ttt(ω, kx, ky) as follows
[25]:
∆SA(ω, kx, ky, l) =
2
√
2pi5/2l3/2
(ω2 − k2)3/4 · Ttt(ω, kx, ky) ·
∫ pi/2
0
dθ
sin θ√
cos θ
Q(θ), (3.8)
where Q(l) is defined by
Q(θ) = J3/2(l cos θ
√
ω2 − k2) ·
[(
1− sin
2 θ
2
)
J0(kl sin θ) +
sin2 θ
k2
(
ω2 − k
2
2
)
J2(kl sin θ)
]
.
(3.9)
As shown in [29], we can perform the integral of θ in (3.8) analytically and finally we obtain
∆SA(kx, ky, ω, l) = 4pi
2 l
k2
J2(kl)Ttt(kx, ky, ω). (3.10)
This result again agrees with the result from CFT calculations as confirmed in [29].
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3.2 Equation Satisfied by HEE
Thus we can show that the perturbative Einstein equation requires that ∆SA (3.10) in
pure gravity on the AdS4 satisfies the following differential equation, assuming the normal-
izability condition near the AdS boundary:[
∂2
∂l2
− 1
l
∂
∂l
− 3
l2
− ∂
2
∂x2
− ∂
2
∂y2
]
∆SA(t, x, y, l) = 0. (3.11)
Remember that ∆SA describes how much the entanglement entropy increases when we
excite a ground state of a given CFT.
At first one may expect that the Einstein equation leads to something like a differential
equation which looks like a scalar field on AdS4. However, this naive guess is not completely
correct. We notice that this equation (3.11) does not involve any time derivatives and looks
like a constraint equation. Instead, the size l of the subsystem plays the role of time and
our differential equation is hyperbolic. Therefore it is much like a scalar field equation on
AdS3. We will discuss the interpretation of this equation soon later.
When the excitations are translationally invariant2, we know that ∆SA satisfies the
first law-like relation
∆SA =
∆EA
Tent
=
pi2l3
2
Ttt, (3.12)
where EA = pil
2Ttt is the total energy included in A and Tent is given by Tent =
2
pil as found
in [34]. Our constraint equation (3.11) is consistent with this fact.
It is also worth mentioning how the equation (3.11) is modified when we consider an
Einstein gravity coupled to some matter fields. Assuming the matter contributions as small
as the metric perturbation, this problem was discussed in [25] for the AdS3 setup. It is
straightforward to extend this result to our higher dimensional example. In the end we
find that in the presence of matter fields in gravity, (3.11) is modified as follows[
∂2
∂l2
− 1
l
∂
∂l
− 3
l2
− ∂
2
∂x2
− ∂
2
∂y2
]
∆SA(t, x, y, l) = 〈O〉〈O〉. (3.13)
〈O〉 means expectation values of operators dual to matter fields and the term 〈O〉〈O〉
describes abstractly a rather complicated sum of bilinear terms of one point functions with
various coefficients.
3.3 IR Boundary Condition
Since (3.11) is independent from the time derivatives of ∆SA, one may wonder how we can
determine its time evolution. This problem is resolved if we remember that we need to im-
pose an appropriate IR boundary condition in addition to the UV boundary condition (i.e.
2For more generic choices of the subsystem A such as the strips, we need to also require the rota-
tional invariance to obtain the first law-like relation as pointed out in [29–31]. See also [26, 32] for other
developments on the first law-like relation.
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normalizability) which we already employed. This is because the IR boundary condition
leads to a dispersion relation ω = ω(kx, ky).
A simple example will be a hard wall cut off in the IR region at z = z0. We impose
the metric perturbation is vanishing at z = z0. This requires
J3/2(z0
√
ω2 − k2) = 0. (3.14)
This can be solved as
k2 = ω2 − ω2n, (n = 1, 2, · · ·). (3.15)
For each mode, we find that the EOM (3.11) is rewritten as follows:[
∂2
∂l2
− 1
l
∂
∂l
− 3
l2
− ∂
2
∂t2
− ω2n
]
∆SA = 0. (3.16)
This equation looks more intuitive as it is a hyperbolic differential equation where l and t
played role of space and time, respectively.
Another typical example of IR boundary condition in AdS/CFT is the presence of
a horizon, where we impose the ingoing boundary condition so that the setup follows a
retarded propagation. In this case we can obtain the dispersion relation as that of the
quasi normal mode, which constraints the HEE as follows:[
i
∂
∂t
− ω
(
−i ∂
∂x
,−i ∂
∂y
)]
∆SA(t, x, y, l) = 0. (3.17)
Since the dispersion relation is clearly independent from l, this time evolution commutes
with the constraint (3.11). This completely determines the time evolution of HEE. We will
study an explicit example in the next section.
3.4 An Interpretation of Constraint Equation
In summary, we found that the perturbative Einstein equation plus the normalizability
condition near the AdS boundary is equivalent to the constraint equation (3.11) in the
AdS4 pure gravity setup. The normalizability simply means that we are considering an
excited state in the dual CFT without changing the original lagrangian. This result (3.11)
or (3.13) can be applied to the near boundary region of any asymptotically AdS spacetime
with an arbitrary IR geometry.
As already mentioned, it may sound surprising that the equation (3.11) or (3.13) does
not determine the time evolution but offers a constraint equation of ∆SA at a fixed time.
Here we would like to propose an interpretation that it gives an consistency condition
which should be satisfied by the entanglement entropy. Even though we cannot explain
precisely the form of (3.11), we can understand why it takes the form of a hyperbolic
differential equation. If we roughly regard (3.11) as a wave equation, then l corresponds to
a ‘time’ and r =
√
x2 + y2 does to the radial coordinate. The wave equation tells us that
– 10 –
Local excitations  
x 
Figure 1. The schematic picture of the interpretation of constraint equation. The HEE becomes
non-trivial only if the boundary ∂A of the subsystem A intersects with locally excited regions. The
brown, green and blue circles are three examples of the boundaries ∂A for which the HEE becomes
non-trivial.
a perturbation propagates at the ‘speed of light’. So if we perturb r = 0 at l = 0, then
the perturbation is localized at the region l = r. In fact, this fact is naturally expected for
the entanglement entropy. When we excite only a small region, the entanglement entropy
SA will be increased only if the boundary of the subsystem A crosses this small region,
which is essentially the same as the statement l = r (see Fig.1). This argument suggests
that the values of ∆SA(t, x, y, l) for different values of (x, y, l) at a fixed time t should be
related in the manner explained. In this way, we can understand (3.11) as this consistency
condition. A more general equation (3.13) described that perturbations of matter fields
also contribute to ∆SA.
4 HEE for AdS4 BH in the Large Subsystem Size Limit
In this section we shall consider the AdS4 Schwarzschild black hole and long-wavelength
fluctuations about it. To simplify our analysis we will also assume the size of the subsystem
to be very large compared to length scale associated to the temperature of the system.
4.1 Metric Perturbation in AdS BH
The metric of AdS4 black hole is given by
ds2AdSBH = −
f(z)
z2
dt2 +
1
z2f(z)
dz2 +
1
z2
(dx2 + dy2), (4.1)
where f(z) = 1− (z/zH)3. We have set R = 1 just for simplicity. We choose the subsystem
A to be a round disk with the radius l. Its center is specified by the values of (t, x, y).
We are interested in the metric perturbation around this background, which can be
described by
ds2 = ds2AdSBH +
hµνdx
µdxν
z2
, (4.2)
where µ = t, x and y.
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In this section we would like to analyze the behavior of HEE under this metric pertur-
bation and obtain the constraint equation imposed by the pure gravity Einstein equation.
If we take the small size limit l → 0, the problem is reduced to the previous result (3.11)
for the pure AdS4. Therefore, in order to find analytical results, we will take the large size
limit l→∞, where the black hole effect becomes maximally important.
4.2 Minimal Surface Without Metric Perturbations
As a preparation for the calculation of ∆SA, we would like to work out the profile of minimal
surfaces in the (unperturbed) AdS4 black hole. Consider the large size limit l →∞, for a
spherical subsystem A with radius l. In this limit, the minimal surface extends from the
AdS boundary z = 0 to the near horizon region z ' zH and almost wraps the horizon. We
write the maximum of z coordinate on this minimal surface as z = z∗, where z∗ approaches
zH in the limit l → ∞. We explained the details of minimal surface calculations in the
appendix A.
Thus we can approximate the corresponding minimal surface by a cylinder with its
bottom on one side (refer to Fig.2 for its sketch). In other words, this is the union of two
dimensional manifolds PA and QA. PA is the cylinder defined by
(t, x, y, z) = (t0, l cos θ, l sin θ, ξ), (4.3)
where 0 ≤ ξ ≤ z∗ and 0 ≤ θ ≤ 2pi. The other one QA is the round disk given by
0 ≤ x2 + y2 ≤ l2, t = t0, z = z∗. (4.4)
We can numerically calculate the maximal value z∗ of z on the minimal surface as a
function of l in the appendix A. We can confirm the following relation in l →∞ limit for
AdS4:
z∗(l) ' zH −A · e−βl/zH , (4.5)
where A and β are constants 3. Moreover, our numerical results show
β = 3. (4.6)
4.3 HEE with the metric perturbations
Now we would like to calculate ∆SA in the presence of the metric perturbations (4.2). In
the large l limit, there are two contributions ∆SPA and ∆S
Q
A from the two parts of the
minimal surface PA and QA:
∆SA = ∆S
P
A + ∆S
Q
A . (4.7)
3In the AdS3 black hole (BTZ black hole), we can analytically show the relation z∗ ' zH − 2zHe−2l/zH ,
i.e. β = 2, where the length of the interval A is defined to be 2l instead of l. Furthermore, our numerical
analysis confirms β = 4 for AdS5. This suggest that for AdSd+1 we get β = d. For the case of a strip
subsystem, a similar expression was obtained in [38].
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Figure 2. A sketch of the minimal surface in the AdS BH when the size l of the subsystem is very
large.
They are computed as follows:
∆SPA =
1
8GN
∫ z∗
0
l
z2
√
f(z)
∫ 2pi
0
dθ
[
hxx sin
2 θ − 2hxy sin θ cos θ + hyy cos2 θ
]
eil(kx cos θ+ky sin θ)
=
2pil
8GN
∫ z∗
0
dz
z2
√
f(z)
[
hxx + hyy
2
J0(kl) +
k2x − k2y
2k2
(hxx − hyy)J2(kl) + 2kxky
k2
hxyJ2(kl)
]
,
∆SQA =
1
8GNz2∗
∫ l
0
rdr
∫ 2pi
0
dθeir(kx cos θ+ky sin θ)[hxx + hyy]z=z∗
=
1
8GN
· lJ1(kl)
z2∗k
· [hxx + hyy]z=z∗ . (4.8)
We already took the Fourier transformation of hµν w.r.t (x, y, t) and their momenta are
described by kx, ky, ω. Thus the metric perturbation hµν in the above only depends on z.
4.4 Metric perturbations
Using the U(1) rotation symmetry of the background geometry we can set ky = 0, while
kx 6= 0. Then using the perturbative solution to Einstein equation in the long-wavelength
limit with the vanishing energy stress tensor, in the sound mode [33], we get
hxx + hyy = 2Cy
√
1− z3/z3H + Cx,
hxx − hyy = Cx − C+(1− z3/z3H)i
zHω
3 − C−(1− z3/z3H)−i
zHω
3 , (4.9)
with non-trivial values of htt and hxt. The constants Cx, Cy, C+ and C− are arbitrary
constants. If we require that the mode is normalizable near the AdS boundary, we find
Cx = −2Cy, Cx = C− + C+. (4.10)
We will not consider the sheer mode here because this does not contribute to ∆SA.
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4.5 Analysis of HEE
Now we would like to evaluate (4.7) in the presence of metric perturbations. We require
that the metric perturbation is normalizable as in (4.10) because we need to keep the
boundary metric flat. First of all, it is immediate to see from (4.8) that the shear mode
does not affect ∆SA by setting ky = 0 using the rotational symmetry. Therefore we can
indeed focus on the sound mode which is given by (4.9). In this way we find
∆SPA =
pil
8GN
∫ z∗
0
dz
z2
√
f(z)
(H+(z)J0(kl) +H−(z)J2(kl)) ,
∆SQA =
pil
4GN
· J1(kl)
z2∗k
·H+(z∗), (4.11)
where
H+(z) = hxx + hyy = (C+ + C−)
(
1−
√
1− z3/z3H
)
,
H−(z) = hxx − hyy = C+
(
1− (1− z3/z3H)i
zHω
3
)
+ C−
(
1− (1− z3/z3H)−i
zHω
3
)
.
(4.12)
The large l limit means l >> zH and note also that we assumed the hydrodynamical
limit kzH << 1 and ωzH << 1 to find (4.9). Remembering z∗ ' zH in the large l limit as
in (4.5), we can easily estimate the order of (4.11) as follows
∆SPA ∼
l
GNzH
fP (kl), ∆S
Q
A ∼
l
GNkz2H
fQ(kl). (4.13)
Thus in the hydrodynamics limit, it is clear
∆SPA << ∆S
Q
A . (4.14)
In this way we finally obtain the leading contribution:
∆SA ' ∆SQA =
pilJ1(kl)
4GNkz2H
(C+ + C−). (4.15)
Therefore we can conclude that in the l → ∞ limit, ∆SA satisfies the following con-
straint equation [
∂2
∂l2
− 1
l
∂
∂l
− ∂
2
∂x2
− ∂
2
∂y2
]
∆SA = 0. (4.16)
Interestingly, this coincides with the analogous result for the flat space holography
(B.2), where we computed the HEE ∆SA from a perturbation on a flat spacetime as we
discuss in the appendix B. This fact may be natural because the near horizon limit of
the AdS BH is given by the Rindler geometry, which is equivalent to the flat Minkowski
spacetime. Both follow the volume law of entanglement entropy instead of area law. Indeed,
if we assume the translational invariance, immediately we obtain ∆SA ∝ l2 from (4.16),
which is proportional to volume. On the other hand, the holographic calculation clearly
shows the volume law for the Einstein gravity on a flat space [35, 36].
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4.6 Comments on IR Boundary Condition
For a causal time evolution, we require the ingoing boundary condition at the horizon. For
the metric field, this is equivalent to setting C+ = 0. Here we would like consider how this
IR boundary condition is interpreted as the boundary condition of ∆SA.
This boundary condition does not affect the leading behavior of ∆SA, which satisfies
the constraint (4.16). However, this ingoing condition is non-trivial if we consider the
subleading time-dependent term of ∆SA in the l → ∞ limit. We can see from ∆SPA in
(4.11) that sub-leading time-dependent contribution of ∆SA behaves like
Ingoing (C+ = 0) : e
−iωt(z∗ − z)1−
iωzH
3 ∝ e−3l/zH · e−iω(t−l), (4.17)
Outgoing (C− = 0) : e−iωt(z∗ − z)1+
iωzH
3 ∝ e−3l/zH · e−iω(t+l), (4.18)
where we used (4.6). After the integration over ω with some Fourier weight, we find that
for the ingoing boundary condition, the term which looks like e−3l/zH · F (t− l) is allowed,
while the one like e−3l/zH ·F (t+l) is excluded. In this way, we managed to find the entropic
counterpart of the IR boundary condition for the AdS black hole.
5 Boosted Subsystem
So far we discussed an analogue of Einstein equation for the HEE ∆SA. However, only one
linear combination of components of the metric perturbation contributes to ∆SA. To pick
up all independent components of metric perturbations, we need to consider some other
quantities. In this section, we would like to point out that we can employ the HEE for a
boosted subsystems for this purpose.
Let us focus on the example of the pure Einstein gravity on AdS4. Before we boost the
subsystem A, ∆SA is given by (3.10). Now we boost the subsystem A. The corresponding
minimal surface is given by
t = sinhβl sin θ cosφ+ t0,
x = coshβl sin θ cosφ+ x0,
y = l sin θ sinφ+ y0,
z = l cos θ. (5.1)
If we define the unboosted coordinate by
(t˜, x˜) = (coshβt− sinhβx,− sinhβt+ coshβx), (5.2)
we obtain
∆SA ∝ l
k˜2
J2(k˜l)Tt˜t˜(k˜, ω˜), (5.3)
where
Tt˜t˜ = sinh
2 βTxx − 2 sinhβ coshβTtx + cosh2 βTtt. (5.4)
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In this way, ∆S
(β)
A , which is the HEE for a boosted subsystem with the parameter β,
satisfies the following the differential equation:[
∂2
∂l2
− 1
l
∂
∂l
−
(
coshβ
∂
∂x
+ sinhβ
∂
∂t
)2
− ∂
2
∂y2
− 3
l2
]
∆S
(β)
A (t, x, y, l) = 0, (5.5)
where notice the relation
∂
∂x˜
= coshβ
∂
∂x
+ sinhβ
∂
∂t
. (5.6)
Note that only two out of six components of Tab are independent due to the equation
of motion. Therefore in this pure gravity model, there are only two independent quantities,
which can be chosen to be ∆S
(β1)
A and ∆S
(β2)
A for two different values β1 and β2.
6 Conclusions
The main purpose of this paper is to find a gauge invariant reformulation of Einstein
equation in the context of AdS/CFT. Even though the metric itself is not gauge invariant,
the HEE is an gauge invariant quantity in gravitational theories. Note that here the
existence of the boundary of AdS spacetime is crucial in that it provides us with the fixed
flat coordinate system (t, x, y). In the full AdS geometry, still we have a degrees of freedom
to modify the extra dimension coordinate z. However, this ambiguity is removed once
we focus on the HEE ∆SA because we can use the parameter l, which is the size of the
subsystem, instead of z. Interestingly, the HEE is gauge invariant also from the CFT side
and is a nice physical quantity in the dual CFT.
In this paper we first work out the entropic counterpart of Einstein equation for the
three dimensional gravity on BTZ black holes. This is given by two differential equations.
One of them (2.16) is the wave equation of the real time t and the center position ξ of
the subsystem A. Another one (2.17) is a hyperbolic differential equation about the size l
and the position ξ, which looks like a constraint equation at each time because the time
derivatives are not included in this equation. The difference between the pure AdS3 and
the BTZ black hole reflects in the potential term of the hyperbolic differential equation.
In this three dimensional example, the equations constraint the time evolution of ∆SA
owing to the first equation. However, this is not true in higher dimensional example
(especially the AdS4 example) and there is no counter part of this first equation. Even
though the Einstein equation describes the time evolution of the metric, it leads to a
constraint type equation (3.11) at each time for ∆SA without time derivatives. In this
sense we can say that the three dimensional result is special in that there is no propagating
gravitational wave.
We gave a heuristic interpretation of the constraint equation we got from the Einstein
equation as a consistency equation of entanglement entropy for various sizes and positions.
The time evolution of ∆SA is fixed by the IR boundary condition in AdS/CFT, which leads
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to a dispersion relation. Thus there is no contradiction with what we normally expect in
AdS/CFT.
We also examined how our result is modified for AdS4 black holes. The effect of
presence of horizon is particularly emphasized in the l → ∞ limit and we studied this
limit. In the end, we find that analogue of Einstein equation is now written as (4.16). In
addition we studied a subleading contribution in the l→∞ limit and found an interesting
connection to quasi normal modes and found that this gives IR boundary condition for the
HEE dynamics. It might be interesting to find any relation between this and the scaling
property found in [37] where the time-evolution of entanglement entropy was studied in
detail for a setup of quantum quenches.
Moreover, we noted that ∆SA itself is not enough to equivalently describe all degrees
of freedom of metric perturbation, even if we impose the on-shell condition. To resolve this
problem we introduced the entanglement entropies for boosted subsystems and showed
that they offer a complete basis to cover all metric components in AdS4/CFT3 setup.
It will be an important future problem how to generalize our result to full non-linear
Einstein equation. It may be also intriguing to consider an action formalism of Einstein
gravity using ∆SA as a fundamental field with the IR boundary condition taken into
account appropriately.
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A Analysis of Minimal Surface in AdS4 BH
Here we analyze the minimal surfaces in the AdS4 black hole (4.1) in the large subsystem
size limit l→∞.
We are interested in minimal surfaces of the form
x2 + y2 = r(z)2, t = t0. (A.1)
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We need to minimize the area functional
Area =
∫
dz
r(z)
z2
√
(∂zr(z))2 +
1
f(z)
. (A.2)
The equation of minimal surface is given by
1
z2
√
(∂zr(z))2 +
1
f(z)
= ∂z
 r(z)∂zr(z)
z2
√
(∂zr(z))2 +
1
f(z)
 . (A.3)
We plotted several examples of the function r = r(z) as a function z in Fig.3 below. As
l gets larger or equally as z∗ gets closed to zH (see Fig.4), the minimal surface approaches
to the cylinder because r(z) becomes a constant function.
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0.0
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0.4
0.6
0.8
1.0
Figure 3. The plot of r(z)/l for various
choices of z∗ (or equally l). We set zH = 1.
The blue, red and yellow curve correspond to
(1 − z∗, l) = (10−3, 2.739), (10−4, 3.461) and
(10−5, 4.173), respectively.
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Figure 4. Plot of z?(l) as a function of l.
Here we have again chosen zH = 1. The blue
dots are numerically evaluated points, while
the dotted red line is a best fit to the data
with a function of the form zH −αe−βl. The
best fit values are α = 4.106, β = 3.008 ≈ 3.
B HEE in Flat Space Holography
In principle, we can study the HEE for the Einstein gravity on a flat space. As studied from
the viewpoint of HEE in [35, 36], its dual field theory is expected to be highly non-local
and is not a conventional quantum field theory.
Consider the four dimensional Minkowski spacetime R1,3, where the coordinate is writ-
ten as (t, x, y, z). We regard zb as the boundary of the spacetime and assume the total
spacetime is simply given by z < zb. We consider the subsystem A to be a round disk with
radius l. The minimal surface is identical to this round disk at z = zb. Therefore we can
show
∆SA(ω, k, l) ∝
∫ l
0
rdr
∫ 2pi
0
dθeir(kx cos θ+ky sin θ)e−iωteikzz,
∝ l
k
J1(kl)e
−iωt+ikzzb . (B.1)
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where kz = ±
√
ω2 − k2.
Thus we find that this satisfied the following constraint equation:[
∂2
∂l2
− 1
l
∂
∂l
− ∂
2
∂x2
− ∂
2
∂y2
]
∆SA = 0. (B.2)
This suggests that the presence of −3/l2 term in (3.11) corresponds to the negative cos-
mological constant. Moreover this agrees with the result (4.16) for the AdS black hole in
the large l limit.
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